The present paper deals with a class of discontinuous Sturm-Liouville problems with boundary conditions rationally dependent on the eigenparameter. Operator formulation is built and asymptotic formulas for eigenvalues and eigenfunctions are given. Moreover, the completeness of its eigenfunctions is also discussed.
Introduction
It is well known that the Sturm-Liouville problem with eigenparameter dependent boundary conditions is of great importance for its wide applications in mechanics, mathematical physics, and engineering (see [1] [2] [3] [4] and the corresponding references cited therein). It happens at any time by using the approach of separation of variables to solve suitable partial differential equations with boundary conditions containing a directional derivative. Particularly, some examples of spectral problems appearing in mechanical engineering and containing eigenparameter on the boundary conditions were listed in the classical book [1] , and Friedman in [5] investigated the method of operator formula to solve the Sturm-Liouville problems with eigenparameter dependent boundary conditions. Later, a large amount of such problems have been considered (see and the references cited therein). Particularly, Walter in [4] considered Sturm-Liouville problem with boundary condition dependent on the eigenparameter. They obtained the asymptotic formulas of eigenvalues and eigenfunctions, the expansion theorem was also involved. In [21] , Binding et al. considered the Sturm-Liouville problem with the right boundary condition rationally dependent on the eigenparameter and got the existence of eigenvalues and the oscillation theory of eigenfunctions. The authors in [22] also discussed the inverse problems in terms of given spectral data.
Meanwhile, lots of researchers are interested in the discontinuous Sturm-Liouville problems connected with discontinuous material properties, such as heat and mass transfer (see [31] ), vibrating string problems when the string loaded additionally with point masses, and diffraction problems. To deal with interior discontinuities, some conditions, which are often called transmission conditions [10] [11] [12] [13] , interface conditions [14, 16] , are imposed on the discontinuous points. Mukhtarov et al. in [13] considered eigenparameter dependent Sturm-Liouville problems with transmission conditions and obtained some properties of eigenvalues. Also, a two interior discontinuous points case was investigated in [18, 20] . Numerous authors have been devoted to this area (see [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] ). By using Mukhtarov's method (see, for example, [10, 12, 13, 20] ), the authors defined a new inner product in the direct sum of classical Hilbert spaces in such a way that the considered problem can be interpreted as an eigenvalue problem for a self-adjoint operator with compact resolvent. Most of authors in these literature works focus on the asymptotic formula of eigenvalues and eigenfunctions, oscillation theory, etc. Moreover, what calls for special attention is that the eigenparameter dependent boundary conditions are of rational fraction of parameter λ of order one except [21, 22] . Inspired by the above-mentioned literature, we consider the following discontinuous Sturm-Liouville equation:
subject to the boundary conditions
and the transmission conditions
where λ ∈ C is a spectral parameter; q(x) is a real-valued continuous function on [0, ξ ) ∪ (ξ , 1] with finite limits q(ξ ± 0) = lim x→(ξ ±0) q(x); δ 1 and δ 2 are nonzero real numbers and δ 1 δ 2 > 0; f (λ) and g(λ) are rational functions of the form
where all the coefficients are real and a ≥ 0,
is finite and is allowed to be 0 (in this case, there are no c i ). If f (λ) = ∞, then
= f (λ) is seen as a Dirichlet boundary condition y(0) = 0.
where all the coefficients are real and c ≥ 0, d j > 0 (j = 1, 2, . . . , N ), e 1 ≤ e 2 ≤ · · · ≤ e N , N is finite and is allowed to be 0 (in this case, there are no e j ). If g(λ) = ∞, then
is seen as a Dirichlet boundary condition y(1) = 0. Recall that f (λ) and g(λ) are sometimes called Herglotz-Nevanlinna type (see [21, 22] ).
In this paper, we research a discontinuous Sturm-Liouville problem with both of the boundary conditions rationally dependent on the eigenparameter λ. Using classical analysis and operator theoretic formulation, we define a new self-adjoint operator A in a new Hilbert space so that the eigenvalues of such a problem coincide with those of A.
The organization of the paper is as follows: after this section, we give the operator formulation in Sect. 2 and get the asymptotic formulas for eigenvalues and eigenfunctions of the problem in Sect. 3. Finally, we discuss the completeness of its eigenfunctions in Sect. 4.
Operator formulation in a new Hilbert space
In what follows, we always assume that a > 0, c > 0. Firstly, we introduce the Hilbert space
In the Hilbert space H, we consider the operator A as follows:
with finite limits y(ξ ± 0), y (ξ ± 0) and satisfy
which acts by the rule
. . .
Then Sturm-Liouville problem (1.1)-(1.5) can be rewritten in the operator-theoretic for-
Obviously, the following lemmas hold. 
Lemma 2.2 The domain D(A) is dense in H.
expresses the Wronskians of functions f (x) and g(x).
Theorem 2.1 Operator A is a symmetric operator in H.
Proof
, by the definition of inner product and operator A in the new Hilbert space H and integration by parts, we obtain
By transmission conditions (1.4)-(1.5), we get
Further, taking into account Lemma 2.2 and Theorem 2.1, we have the following theorem.
Theorem 2.2 Operator A is self-adjoint.
Proof In order to identify that A is a self-adjoint operator, we should prove for every
and AW = T, where
Precisely, we need to prove that the following properties hold:
In accordance with the classical Sturm-Liouville theory, (i) and (ii) hold.
Besides, by integration by parts we get
Combining (2.4) with (2.3), we have
By Naimark's patching lemma [24] , there exists Y ∈ D(A) such that
Substituting them into (2.5), we obtain w M+1 = -aw(0). Similarly, we can find Y ∈ D(A) such that
We can get l N+1 = cw (1) .
Then, by (2.5), we get L 3 w = 0. Analogously, we can get L 4 w = 0. When we choose Y ∈ D(A) which satisfies 
Asymptotic formulas for eigenvalues and eigenfunctions
We rebuild the fundamental solutions of Sturm-Liouville problem (1.1)-(1.5) and get the asymptotic formulas for the eigenvalues and eigenfunctions in this section. , and f (λ), g(λ) be given entire functions. Then, for any λ ∈ C, the following equation
has the unique solution y = y(x, λ) satisfying the initial conditions
is an entire function of λ. Now, we define fundamental solutions ϕ(x, λ) and χ(x, λ) of equation (1.1) by the following procedure, where
Set ϕ 1 (x, λ) is the solution of equation (1.1) on the interval [0, ξ ), which satisfies the initial conditions
In accordance with Lemma 3.1, we can define the solution ϕ 2 (x, λ) of equation (1.1) on (ξ , 1] by the initial conditions
similarly, we define the solutions χ 2 (x, λ) and χ 1 (x, λ) of equation (1.1) by the initial conditions, respectively,
Now we consider Wronskians
By the dependence of solutions of initial value problems on the parameter, we have W i (λ) (i = 1, 2) are independent of x.
Lemma 3.2 For every
Proof By the definition of W i (λ), we get
Using the transmission conditions (1.4)-(1.5), short calculation gives that
Thus, for every λ ∈ C, we have W 2 (λ) = δ 1 δ 2 W 1 (λ), this completes the proof.
Besides, we set W (λ) :
Theorem 3.1 The eigenvalues of Sturm-Liouville problem (1.1)-(1.5) coincide with the roots of W (λ) = 0.
Proof Let ν 0 (x, λ 0 ) be any eigenfunction corresponding to eigenvalue λ 0 , then the function ν 0 (x, λ 0 ) can be written as the form 
If W (λ) = 0, then λ is an eigenvalue of (1.1)-(1.5). If, in addition, W λ (λ) = 0, then we call λ a simple eigenvalue, where the suffix denotes differentiation with respect to λ. To discuss the poles of f (λ), we use (λ) = (y(0, λ) -
) instead of W (λ). Particularly, if y(0, λ) = 0, then λ = c i is an eigenvalue. In addition, if y λ (0, λ) = 0, then λ = c i is a simple eigenvalue. If y(1, λ) = 0, then λ = e j is an eigenvalue. In addition, if y λ (1, λ) = 0, then λ = e j is a simple eigenvalue. . Differentiating the equation Aχ = λχ with respect to λ, we obtain
Using integration by parts, we have
Further, by the initial conditions, we have
By virtue of the definition of W (λ), (3.1), and (3.2), we observe that
Differentiating it we get
Next, let λ 0 be an arbitrary root of W (λ) = 0. Then we get ϕ i (x, λ 0 ) = kχ i (x, λ 0 ) (i = 1, 2) (k = 0), k ∈ R. Noting that λ 0 ∈ R, by a short calculation, (3.8) becomes 
Proof For the case of k = 0, since -ϕ 1 + qϕ 1 = s 2 ϕ 1 , we have qϕ 1 = ϕ 1 + s 2 ϕ 1 , and
Using integration by parts and noting the initial conditions
we obtain
Thus,
Then (3.9) can be got by differentiating (3.11) with respect to x. The proof for (3.10) is similar.
Similarly, we have the following lemma.
Lemma 3.4 Let
Then the following equalities hold for k = 0 and k = 1: 
(3.14)
Each of these estimations holds uniformly for x as |λ| → ∞.
Proof The proof of asymptotic equalities for ϕ 1 (x, λ) are similar to those of Titchmarsh's proof for ϕ(x, λ) (see [25] ), so we only prove (3.14), the other asymptotic equalities are similar.
For the case of k = 0, by the estimations of ϕ 1 (x, λ) and ϕ 1 (x, λ), we get
Substituting them into (3.10) and noting (3.3), we have
Then, differentiating it with respect to x, we obtain (3.14). 
Theorem 3.3 Let
The function W 1 (λ) has the following estimations:
Proof By the definition of W 1 (λ), we have
According to the estimations of χ 1 (0, λ) and χ 1 (0, λ) in Lemma 3.6, we can obtain the asymptotic representations of W 1 (λ). Proof Setting s = it (t > 0) in Theorem 3.3, we get W 1 (λ) = W 1 (-t 2 ) → ∞ (t → ∞). Then W 1 (-t 2 ) = 0 for λ negative and sufficiently large. Our claim is established.
Further, according to the asymptotic representations for W 1 (λ), we have the following theorem. For the convenience, in the sequel, we assume δ 1 = δ 2 = δ. 
Proof Using the well-known Rouché theorem in a closed curve removing c i (i = 1, 2, . . . , M) and e j (j = 1, 2, . . . , N ), we can obtain this result (see [23] , Theorem 2.3).
Combining Theorem 3.4, Lemma 3.5 with Lemma 3.6, we can obtain the following asymptotic representations of the eigenfunctions ϕ(x, λ n ) and χ(x, λ n ): 
Completeness of eigenfunctions
In this section, we get the property of spectrum for the operator A and discuss the completeness of the eigenfunctions of problem (1.1)-(1.5) .
component of (A -θ )Y = H ∈ H, where θ ∈ R involves the equations Ly = h, where is compact on H (see [19] , Theorem 6.3.3).
Using the above lemma and the spectral mapping theorem, we also get the following theorem. 
Conclusion
This paper gives a detailed characterization of spectral properties of certain kind of Sturm-Liouville problems with intermediate discontinuous point. The novelty lies in that the Sturm-Liouville problems we considered here involve both singular endpoints and an intermediate discontinuous point. By a newly defined Hilbert space and fundamental solutions of the equations, we give the spectrum of these equations.
